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Abstract
In this paper, we answer afﬁrmatively an open problem (cf. Theorem 40 in Ferrero and
Gazzola (J. Differential Equations 177 (2001) 494): Let O{0 be an open-bounded domain,
OCRNðNX5Þ and assume that 0pmoðN2
2
Þ2  ðNþ2
N
Þ2; then, for all l40 there exists a
nontrivial solution with critical level in the range ð0; 1
N
S
N
2
m Þ for the problem Du  m ujxj2 ¼
lu þ juj22u in O; u ¼ 0 on @O:
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction and main result
In this paper, we are concerned with the following semilinear elliptic problem:
Du  m ujxj2 ¼ lu þ juj
22
u in O;
u ¼ 0 on @O;
8<
: ð1:1Þ
where OCRNðNX5Þ is an open-bounded domain with smooth boundary @O;
0AO; 2 ¼ 2N
N2; l40 and 0pmo %m ¼ ðN22 Þ2:
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Deﬁnition 1.1. uAH10 ðOÞ is said to be a weak solution of problem (1.1) if u
satisﬁes
Z
O
ru 
 rv  m uvjxj2  luv  juj
22
uv
 !
dx ¼ 0 8vAH10 ðOÞ: ð1:2Þ
It is well known that the nontrivial solutions of problem (1.1) are equivalent to the
nonzero critical points of the energy functional
Il;mðuÞ ¼ 1
2
Z
O
jruj2  m u
2
jxj2  lu
2
 !
dx  1
2
Z
O
juj2 dx; uAH10 ðOÞ: ð1:3Þ
In recent years, much attention has been paid to the existence of nontrivial
solutions of problem (1.1). Let sm denote the spectrum of the operator D mjxj2 with
zero Dirichlet boundary condition. In view of [9,11], smð0pmo %mÞ is discrete,
contained in the positive semi-axis and each eigenvalue liði ¼ 1; 2;yÞ is isolated and
has ﬁnite multiplicity, the smallest eigenvalue l1 being simple and li-N as i-N;
moreover each L2 normalized eigenfunction ei corresponding to liAsm; belongs to
the space H10 ðOÞ:
The functional IAC1ðX ; RÞ is said to satisfy the Palais–Smale ðP:S:Þc condition if
any sequence fungCX such that as n-N
IðunÞ-c; I 0ðunÞ-0 strongly in X 
contains a subsequence converging in X to a critical point of I : In this paper, we will
take I ¼ Il;m and X ¼ H10 ðOÞ:
Set D1;2ðRNÞ ¼ fuAL2 ðRNÞ j jrujAL2ðRNÞg: For all mA½0; %mÞ; we deﬁne the
constant
Sm :¼ inf
uAD1;2ðRN Þ\f0g
R
RN
jruj2  m u2jxj2
 	
dx
R
RN
juj2 dx
 	 2
2
: ð1:4Þ
From [11,13], Sm is independent of any OCRN in the sense that if
SmðOÞ :¼ inf
uAH1
0
ðOÞ\f0g
R
O jruj2  m u
2
jxj2
 	
dx
R
O juj2

dx
 	 2
2
;
then SmðOÞ ¼ SmðRNÞ ¼ Sm:
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Let %m ¼ ðN22 Þ2; g ¼
ﬃﬃﬃ
%m
p þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp ; g0 ¼ ﬃﬃﬃ%mp  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp ; Catrina and Wang [6],
Terracini [17] proved that for e40
UeðxÞ ¼ ð4e
2Nð %m mÞ=ðN  2ÞÞ
N2
4
ðe2jxj
g0ﬃﬃ
%m
p þ jxj
gﬃﬃ
%m
p Þ
ﬃﬃ
%m
p ð1:5Þ
satisﬁes
Du ¼ juj22u þ m ujxj2 in R
N \f0g;
u-0 as jxj-N:
8<
: ð1:6Þ
From Theorem B in [8], all the positive solutions of problem (1.6) must have the
form of Ue: Moreover, Ue achieves Sm:
As in [11], for all mA½0; %mÞ; we endow the Hilbert space Hm with the scalar product
ðu; vÞHm ¼
Z
O
ru 
 rv  m uvjxj2
 !
dx 8u; vAHm
and deﬁne
jjujjHm ¼
Z
O
jruj2  m u
2
jxj2
 !
dx
 !1
2
uAHm:
By Hardy inequality (see [1])
Z
O
u2
jxj2 dxp
1
%m
Z
O
jruj2 dx 8uAHm;
we easily derive that the norm jj 
 jjHm is equivalent to the usual norm in H10 ðOÞ:
In a recent paper, Ferrero and Gazzola [11] considered problem (1.1) and proved
the following:
Theorem 1.1. (i) If NX4 and 0pmp %m; then problem (1.1) admits a nontrivial solution
for all l40; lesm:
(ii) If mX0; %m 1omo %m and that there exists lkAsm such that lAðlk 
SmjOj
2
N ; lkÞ; then problem (1.1) admits nk pairs of nontrivial solutions, where nk
denotes the multiplicity of lk:
Concerning the resonant situation, only the domain with radially symmetry and
l ¼ l1 was studied. They obtained the following:
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Theorem 1.2. Let O ¼ B1ð0Þ; NX5 and 0pmo %m ðNþ2N Þ2: Then, for l ¼ l1; problem
(1.1) admits a nontrivial solution %uAH10 ðOÞ such that Il;mð %uÞAð0; 1NS
N
2
m Þ:
In the last section, they proposed one open problem
Open problem. Let O be an open bounded domain in RNðNX5Þ; 0AO and assume that
0pmoðN2
2
Þ2  ðNþ2
N
Þ2; then for all l40; problem (1.1) admits a nontrivial solution
with critical level in the range ð0; 1
N
S
N
2
m Þ:
Chen [7] treated this open problem, but only gave a partial (positive) answer.
Namely, he only proved that the conclusion in the open problem holds for
0pmo %m 4; NX7: Relevant papers on problem (1.1) are given in references (see
[2,4,5,10,12,13,15]).
In the present paper, we solve the open problem completely. Our main result is the
following:
Theorem 1.3. Let OCRNðNX5Þ be an open-bounded domain, 0AO; and assume that
0pmo %m ðNþ2N Þ2: Then, for all l40 problem (1.1) admits a nontrivial solution u such
that Il;mðuÞAð0; 1NS
N
2
m Þ:
We prove Theorem 1.3 by critical point theory. However, the functional Il;m does
not satisfy P.S. condition due to the lack of compactness of the embeddings:
H10 ðOÞ+L2
 ðOÞ and H10 ðOÞ+L2ðO; jxj2Þ: So the standard variational argument is
not applicable directly. Nevertheless, it is known now that Il;m satisﬁes ðP:S:Þc
condition for cAðN; 1
N
S
N
2
m Þ: To construct suitable ðP:S:Þc sequence with co 1N S
N
2
m ;
we need to use eigenfunctions feig: Since m40; one does not expect eigenfunctions ei
to be bounded (which is true for m ¼ 0). As pointed out by Ferrero and Gazzola in
[11] that the main difﬁculty is to obtain the asymptotic behavior for each ei
as jxj-0: Such a study is of independent interest. As far as we know, the
only result on the asymptotic behavior is the ﬁrst radial eigenfunction e1 when O is a
unit ball (see [3]), which is used to obtain Theorem 1.2 by Ferrero and Gazzola in
[11]. We will give a good description of the asymptotic behavior of ei at zero in
Lemmas 2.2 and 2.3, which is crucial in our approach. Then we estimate the energy
level, and obtain the existence of nontrivial solutions by the linking theorem
(see [14,18]).
Throughout this paper, we denote the norm of Hm by jjujjHm ¼ ð
R
Oðjruj2 
m u
2
jxj2Þ dxÞ
1
2; 0pmo %m; the norm of LlðOÞð1plpNÞ by jjujjLlðOÞ ¼ ð
R
O jujl dxÞ
1
l and
positive constants (possibly different) by C; C1; C2;y :
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2. Asymptotic behavior of the eigenfunctions
The following lemma can be found in [16].
Lemma 2.1. Let 0pmo %m; VAL
N
2 ðOÞ and gALqðOÞ; qX2: If uAH10 ðOÞ is a weak
solution of
Du  m ujxj2  VðxÞu þ nu ¼ g in O; ð2:1Þ
where n is such that the linear operator on the left-hand side is positive, then
uA
\
poplim
LpðOÞ with plim ¼ 2 min q
2
;
ﬃﬃﬃ
%m
pﬃﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp
 
:
Remark 2.1. Let eiði ¼ 1; 2;yÞ denote the L2-normalized eigenfunctions of the
operator D mjxj2 in H10 ðOÞ and li the corresponding eigenvalues, that is ei
satisﬁes
Dei  m eijxj2 ¼ liei in O;
ei ¼ 0 on @O:
8<
: ð2:2Þ
In view of Lemma 2.1, we easily have
eiALpðOÞ 8poplim ¼ 2N
N  2 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp : ð2:3Þ
Now we give the asymptotic behavior of eigenfunctions feig; which is crucial in
our proof of the main result of this paper.
Lemma 2.2.
jeiðxÞjpCjxj
ﬃﬃ
%m
p þ ﬃﬃﬃﬃﬃﬃ%mmp ; xAO\f0g: ð2:4Þ
Proof. Set vðxÞ ¼ jxj
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp eiðxÞ: By (2.2), after a direct calculation, we have
divðjxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp ÞrvÞ ¼ lijxj2ð ﬃﬃ%mp  ﬃﬃﬃﬃﬃﬃ%mmp Þv in O\f0g;
v ¼ 0 on @O:
(
ð2:5Þ
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By elliptic regularity, vAC2ðO\f0gÞ-C1ð %O\f0gÞ: We claim that vAH10
ðO; jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp ÞÞ: Indeed, by Hardy inequality, we obtainZ
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þjrvj2 dx
¼
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þ jxj ﬃﬃ%mp  ﬃﬃﬃﬃﬃﬃ%mmp rei  ð ﬃﬃﬃ%mp  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp Þjxj ﬃﬃ%mp  ﬃﬃﬃﬃﬃﬃ%mmp 2xei 2 dx
p2
Z
O
jreij2 þ ð
ﬃﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp Þ2 e2ijxj2
 !
dx
p2ð %mþ ð
ﬃﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp Þ2Þ
%m m
Z
O
jreij2  m e
2
i
jxj2
 !
dx
p 4li %m
%m m:
Now we recall the Caffarelli–Kohn–Nirenberg inequality (see [6,8])
Z
O
jxjbpjwjp dx
 2
p
pCa;b
Z
O
jxj2ajrwj2 dx 8wAH10 ðO; jxj2aÞ; ð2:6Þ
where NoaoN2
2
; apbpa þ 1; p ¼ 2N
N2þ2ðbaÞ and Ca;b is a positive constant
depending on a; b:
From (2.5), we have
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þrv 
 rj dx ¼ li
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þvj dx
8jAH10 ðO; jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp ÞÞ: ð2:7Þ
For any s; l41; deﬁne vl ¼ minfjvj; lg: Choosing j ¼ vv2ðs1Þl AH10
ðO; jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp ÞÞ in (2.7), we conclude that
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þjrvj2v2ðs1Þl dx þ 2ðs  1Þ
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þjrvl j2v2s2l dx
¼
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þv2v2ðs1Þl dx ð2:8Þ
In the sequel we take a ¼ b ¼ ﬃﬃﬃ%mp  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp oN22 ; therefore p ¼ 2:
Taking w ¼ vvs1l in (2.6), together with (2.8), we derive that
Z
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þpvps2l v2 dx
 2
p
p
Z
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þpðjvs1l vjÞp dx
 2
p
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pCa;a
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þjrðvs1l vÞj2 dx
p2Ca;a ðs  1Þ2
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þv2ðs1Þl jrvl j2 dx

þ
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þv2ðs1Þl jrvj2 dx

p2liCa;as
Z
O
jxj2ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þv2s2l v2 dx: ð2:9Þ
Thus we have Z
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þpv2vps2l dx
  1
ps
pðC0sÞ
1
2s
Z
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þpv2v2s2l dx
  1
2s
; ð2:10Þ
where C0 ¼ 2liCa;aðdiamOÞð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þðp2Þ:
We may choose s40 such that
N
N  2os
o N
N  2 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp :
Deﬁne the sequence
sj ¼ s p
2
 	j
j ¼ 0; 1; 2;y : ð2:11Þ
We get from (2.10) that
Z
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þpv2v2sjþ12l dx
  1
2sjþ1
pðC0sjÞ
1
2sj
Z
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þpv2v2sj2l dx
  1
2sj
p?
pC
PN
j¼0
1
2sj
0
YN
j¼0
s
1
2sj
j
Z
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þpjvj2s dx 
1
2s
: ð2:12Þ
It follows from (2.11) that
XN
j¼0
1
sj
¼ 1
s
XN
j¼0
2
p
 j
pC;
YN
j¼0
s
1
2sj
j ¼ ðsÞ
1
2s
PN
j¼0ð
2
p
Þj p
2
 	 1
2s
PN
j¼0jð
2
p
Þj
pC: ð2:13Þ
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By the choice of s; we deduce
po2so 2N
N  2 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp :
So, from (2.3), we conclude thatZ
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þpjvj2s dx
¼
Z
O
jxjð2spÞð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þjeij2s dx
pðdiamOÞð2spÞð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þ Z
O
jeij2s

dx
pC: ð2:14Þ
Inserting (2.13) and (2.14) into (2.12), we obtain that
jjvl jjL2sjþ1 ðOÞpðdiamOÞ
ð ﬃﬃ%mp  ﬃﬃﬃﬃﬃﬃ%mmp Þp
2sjþ1
Z
O
jxjð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þpv2v2sjþ12l dx
  1
2sjþ1pC:
Noting that sjþ1-N as j-N: So let j-N in the above inequality, we infer
that
jjvl jjLNðOÞpC;
(2.4) can been obtained by taking l-þN: &
Denote by Brð0Þ the ball of radius r centered at the origin, we have B2
m
ð0ÞCO for
m large enough. As in [11], let
H ¼ spanfe1; e2;y; ekg; Hþ ¼ ðHÞ>:
Fix k; deﬁne the approximating eigenfunctions emi ¼ xmeiði ¼ 1; 2;yÞ and the space
Hm ¼ spanfem1 ; em2 ;y; emk g;
where
xmðxÞ ¼
0 if xAB1
m
ð0Þ;
mjxj  1 if xAB2
m
ð0Þ\B1
m
ð0Þ;
1 if xAO\B2
m
ð0Þ:
8>><
>>:
We have the following error estimates which are important in our argument:
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Lemma 2.3.
(i) jjemi  eijjHm-0 as m-N;
(ii)
max
fuAHm ;jjujjL2ðOÞ¼1g
jjujj2Hmplk þ Cm2
ﬃﬃﬃﬃﬃﬃ
%mmp :
Proof. The proof of (i) can be found in [11]. We therefore only prove (ii). We ﬁrst
show that the following estimates hold:
jjemi jj2Hmpli þ Cm2
ﬃﬃﬃﬃﬃﬃﬃ
%mmp ; i ¼ 1; 2;y; ð2:15Þ
jðemi ; emj ÞHm jpCm2
ﬃﬃﬃﬃﬃﬃ
%mmp ; i; j ¼ 1; 2;y; iaj; ð2:16Þ
jðemi ; emj ÞL2ðOÞjpCm22
ﬃﬃﬃﬃﬃﬃﬃ
%mmp ; i; j ¼ 1; 2;y; iaj; ð2:17Þ
jjemi jj2L2ðOÞX1 Cm22
ﬃﬃﬃﬃﬃﬃ
%mmp ; i ¼ 1; 2;y : ð2:18Þ
In fact,
jjemi jj2Hm  jjeijj
2
Hm
¼
Z
O
jxmrei þ eirxmj2  jreij2  m
ðx2m  1Þe2i
jxj2
 !
dx
¼
Z
O
ðx2m  1Þjreij2 þ 2xmeirxm 
 rei þ e2i jrxmj2  m
ðx2m  1Þe2i
jxj2
 !
dx: ð2:19Þ
On the other hand, multiplying (2.2) by ðx2m  1Þei; and integrating by parts, we
obtain
Z
O
ðx2m  1Þjreij2 þ 2xmeirxm 
 rei  m
ðx2m  1Þe2i
jxj2
 !
dx
¼ li
Z
O
ðx2m  1Þe2i dx: ð2:20Þ
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Inserting (2.20) into (2.19) and noting that 0pxmp1; we get from Lemma 2.2
jjemi jj2Hmp jjeijj2Hm þ
Z
O
e2i jrxmj2 dx þ li
Z
O
ðx2m  1Þe2i dx
p li þ Cm2
Z 2
m
0
rN12ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þ dr
p li þ Cm2
ﬃﬃﬃﬃﬃﬃ
%mmp ;
which is (2.15).
For iaj;
ðemi ; emj ÞHm ¼
Z
O
remi 
 remj  m
emi e
m
j
jxj2
 !
dx
¼
Z
O
ðxmrei þ eirxmÞðxmrej þ ejrxmÞ  m
x2meiej
jxj2
 !
dx
¼
Z
O
x2mrei 
 rej þ xmejrxm 
 rei þ xmeirxm 
 rej

þjrxmj2eiej  m
x2meiej
jxj2
!
dx
¼
Z
O
ðx2m  1Þrei 
 rej þ xmejrxm 
 rei þ xmeirxm 
 rej

þjrxmj2eiej  m
ðx2m  1Þeiej
jxj2
!
dx: ð2:21Þ
Since ei satisﬁes (2.2), multiplying the equality (2.2) by ðx2m  1Þej and integrating
by parts, we derive that
Z
O
ðx2m  1Þrei 
 rej þ 2xmejrxm 
 rei  m
ðx2m  1Þeiej
jxj2
 !
dx
¼ li
Z
O
ðx2m  1Þeiej dx: ð2:22Þ
Similarly,
Z
O
ðx2m  1Þrei 
 rej þ 2xmeirxm 
 rej  m
ðx2m  1Þeiej
jxj2
 !
dx
¼ lj
Z
O
ðx2m  1Þeiej dx: ð2:23Þ
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Combining (2.22) with (2.23), we get
Z
O
ðx2m  1Þrei 
 rej þ xmejrxm 
 rei þ xmeirxm 
 rej  m
ðx2m  1Þeiej
jxj2
 !
dx
¼ li þ lj
2
Z
O
ðx2m  1Þeiej dx: ð2:24Þ
Inserting (2.24) into (2.21), we infer that
ðemi ; emj ÞHm ¼
Z
O
jrxmj2eiej dx þ
li þ lj
2
Z
O
ðx2m  1Þeiej dx:
So from Lemma 2.2, we have
jðemi ; emj ÞHm jp
Z
B2
m
ð0Þ
jrxmj2jeijjejj dx þ
li þ lj
2
Z
B2
m
ð0Þ
ð1 x2mÞjeijjejj dx
pCm2
Z 2
m
0
rN12ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þ dr þ C Z 2m
0
rN12ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃﬃ%mmp Þ dr
pCm2
ﬃﬃﬃﬃﬃﬃ
%mmp ;
which is (2.16).
Note that for iaj;
R
O eiej dx ¼ 0: Thus,
jðemi ; emj ÞL2ðOÞj ¼
Z
O
x2meiej dx


¼
Z
O
ðx2m  1Þeiej dx


p
Z
B2
m
ð0Þ
jeijjejj dxj
pC
Z 2
m
0
rN12ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þ dr
pCm22
ﬃﬃﬃﬃﬃﬃ
%mmp ;
which is (2.17).
jjemi jj2L2ðOÞ ¼
Z
O
e2i dx 
Z
O
ð1 x2mÞe2i dx
X 1
Z
B2
m
ð0Þ
e2i dx
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X 1 C
Z 2
m
0
rN12ð
ﬃﬃ
%m
p  ﬃﬃﬃﬃﬃﬃ%mmp Þ dr
X 1 Cm22
ﬃﬃﬃﬃﬃﬃ
%mmp ;
which is (2.18).
Let umAHm ; jjumjjL2ðOÞ ¼ 1 such that
max
fuAHm ;jjujjL2ðOÞ¼1g
jjujj2Hm ¼ jjumjj
2
Hm
: ð2:25Þ
Then there exist am1 ; a
m
2 ;y; a
m
k such that um ¼
Pk
i¼1 a
m
i e
m
i : It is not difﬁcult to verify
that
jjumjj2Hm ¼
Xk
i¼1
ðami Þ2jjemi jj2Hm þ 2
X
1piojpk
ami a
m
j ðemi ; emj ÞHm ð2:26Þ
and
1 ¼ jjumjj2L2ðOÞ ¼
Xk
i¼1
ðami Þ2jjemi jj2L2ðOÞ þ 2
X
1piojpk
ami a
m
j ðemi ; emj ÞL2ðOÞ: ð2:27Þ
It follows from (2.17) that there exists m040 such that for any mXm0;
jðemi ; emj ÞL2ðOÞjo14: ð2:28Þ
From (2.18), (2.27) and (2.28), we infer that for any mXm0;
1X
Xk
i¼1
ðami Þ2jjemi jj2L2ðOÞ  2
X
1piojpk
jami jjamj jjðemi ; emj ÞL2ðOÞj
X
Xk
i¼1
ðami Þ2  Cm22
ﬃﬃﬃﬃﬃﬃ
%mmp  1
4
X
1piojpk
ððami Þ2 þ ðamj Þ2Þ
X
1
2
Xk
i¼1
ðami Þ2  Cm22
ﬃﬃﬃﬃﬃﬃ
%mmp ;
which implies that
jami jpC; i ¼ 1; 2;y; k: ð2:29Þ
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Furthermore, from (2.17), (2.18), (2.27) and (2.29), we obtain that
1X
Xk
i¼1
ðami Þ2jjemi jj2L2ðOÞ  2
X
1piojpk
jami jjamj jjðemi ; emj ÞL2ðOÞj
X
Xk
i¼1
ðami Þ2  Cm22
ﬃﬃﬃﬃﬃﬃ
%mmp ;
which results in Xk
i¼1
ðami Þ2p1þ Cm22
ﬃﬃﬃﬃﬃﬃﬃ
%mmp : ð2:30Þ
Therefore, from (2.15), (2.16), (2.26), (2.29) and (2.30), we deduce that for m large
enough
jjumjj2Hmp lk
Xk
i¼1
ðami Þ2 þ Cm2
ﬃﬃﬃﬃﬃﬃ
%mmp þ 2
X
1piojpk
jami jjamj jjðemi ; emj ÞHm j
p lk þ Cm2
ﬃﬃﬃﬃﬃﬃ
%mmp þ Cm22
ﬃﬃﬃﬃﬃﬃﬃ
%mmp
p lk þ Cm2
ﬃﬃﬃﬃﬃﬃ
%mmp : &
3. Proof of Theorem 1.3
First we recall a result concerning the compactness of (P.S.) sequence (see [4]):
Lemma 3.1. For every l40; Il;m satisfies ðP:S:Þc condition with co 1N S
N
2
m :
For any m40; e40; we deﬁne
ume ðxÞ ¼
UeðxÞ  ð4e
2Nð %m mÞ=ðN  2ÞÞ
N2
4
e2 1
m
  g0ﬃﬃ
%m
p þ 1
m
  gﬃﬃ
%m
p
 ! ﬃﬃ%mp if xAB1
m
ð0Þ;
0 if xAO\B1
m
ð0Þ:
8>>><
>>>>:
ð3:1Þ
The following estimates hold (see [11]):
Z
O
jrume j2  m
ðume Þ2
jxj2
 !
dxpS
N
2
m þ C1eN2m2
ﬃﬃﬃﬃﬃﬃﬃ
%mmp ; ð3:2Þ
Z
O
jume j2

dxXS
N
2
m  C2eNm
2N
N2
ﬃﬃﬃﬃﬃﬃ
%mmp : ð3:3Þ
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Set
ce ¼ inf
hAGe;m
max
uAQem
Il;mðhðuÞÞ; ð3:4Þ
where
Ge;m ¼ fhACðQem; HmÞ j hðuÞ ¼ u; 8uA@Qemg ð3:5Þ
and
Qem ¼ ðBR-Hm Þ"frume j 0prpRg: ð3:6Þ
Then we have the following:
Lemma 3.2. Let mA½0; %m ðNþ2N Þ2Þ: Then for any l40; ceo 1N S
N
2
m :
Proof. Without loss of generality, we may assume that there exists an integer k such
that lkplolkþ1: Let maxuAQem Il;mðuÞ ¼ Il;mðwm þ tme ume Þ; where wmAHm : By (ii) of
Lemma 2.3,
Il;mðwmÞ ¼ 1
2
Z
O
jrwmj2  m ðw
mÞ2
jxj2  lðw
mÞ2
 !
dx  1
2
Z
O
jwmj2 dx
p lk  l
2
Z
O
ðwmÞ2 dx þ C4m2
ﬃﬃﬃﬃﬃﬃﬃ
%mmp
Z
O
ðwmÞ2 dx  1
2
Z
O
jwmj2 dx
pC5m2
ﬃﬃﬃﬃﬃﬃﬃ
%mmp jjwmjj2L2 ðOÞ 
1
2
jjwmjj2L2 ðOÞ
p max
tX0
C5m
2 ﬃﬃﬃﬃﬃﬃ%mmp t2  1
2
t2

 
pC6mN
ﬃﬃﬃﬃﬃﬃ
%mmp : ð3:7Þ
On the other hand, as in [11], choosing e ¼ mNþ2N2
ﬃﬃﬃﬃﬃﬃﬃ
%mmp ; then as m-N; (3.2) and
(3.3) become
Z
O
jrume j2  m
ðume Þ2
jxj2
 !
dxpS
N
2
m þ C1mN
ﬃﬃﬃﬃﬃﬃﬃ
%mmp ; ð3:8Þ
Z
O
jume j2

dxXS
N
2
m  C2m
N2
N2
ﬃﬃﬃﬃﬃﬃ
%mmp : ð3:9Þ
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Furthermore, Z
O
jume j2 dxXC3mðNþ2Þ: ð3:10Þ
Observe that idAGe;m and jsupp wm-supp ume j ¼ 0: From (3.8)–(3.10), we conclude
that
cep max
uAQem
Il;mðuÞ
¼ Il;mðwm þ tme ume Þ
¼ Il;mðwmÞ þ Il;mðtme ume Þ
pC6mN
ﬃﬃﬃﬃﬃﬃ
%mmp þ ðt
m
e Þ2
2
Z
O
jrume j2  m
ðume Þ2
jxj2  lðu
m
e Þ2
 !
dx  ðt
m
e Þ2

2
Z
O
jume j2

dx
pC6mN
ﬃﬃﬃﬃﬃﬃ
%mmp þ ðt
m
e Þ2
2
ðS
N
2
m þ C1mN
ﬃﬃﬃﬃﬃﬃ
%mmp  lC3mðNþ2ÞÞ
 ðt
m
e Þ2

2
ðS
N
2
m  C2m
N2
N2
ﬃﬃﬃﬃﬃﬃ
%mmp Þ
pC6mN
ﬃﬃﬃﬃﬃﬃ
%mmp þ 1
N
ðS
N
2
m þ C1mN
ﬃﬃﬃﬃﬃﬃ
%mmp  lC3mðNþ2ÞÞ
 S
N
2
m þ C1mN
ﬃﬃﬃﬃﬃﬃ
%mmp  lC3mðNþ2Þ
S
N
2
m  C2m
N2
N2
ﬃﬃﬃﬃﬃﬃ
%mmp
0
@
1
A
N2
2
; ð3:11Þ
where the following fact has been used:
max
tX0
t2
2
A  t
2
2
B
 
¼ 1
N
A
A
B
 N2
2
; A; B40:
Note that 0pmo %m ðNþ2N Þ2; so N þ 2oN
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
%m mp o N2N2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
%m mp : Hence, for m large
enough, we deduce from (3.11) that
cep
1
N
S
N
2
m þ C6mN
ﬃﬃﬃﬃﬃﬃ
%mmp  C4mðNþ2Þo 1
N
S
N
2
m : &
Proof of Theorem 1.3. From [11], for m; R large enough Il;m satisﬁes all the
assumptions of the linking theorem [14] except for the ðP:S:Þc condition, i.e.,
(i) There exist a; r40 such that
Il;mðuÞXa 8uA@Br-Hþ:
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(ii) There exists R4r such that
Il;mj@QemppðmÞ with pðmÞ-0 as m-N:
Moreover, @Br-Hþ and @Qem link (cf. [14]). Then we obtain a P.S. sequence fung
for Il;m at level ce; moreover, ceXinfuA@Br-Hþ Il;mðuÞXa40 (see Theorem 2.12 in
[18]). By Lemmas 3.1 and 3.2, we infer that there is a subsequence of fung; still
denoted by fung; and a function uAH10 ðOÞ; such that
un-u strongly in H
1
0 ðOÞ;
and then ce is a critical value of Il;m; u is a nontrivial solution of problem (1.1). &
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